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Abstract
For a given connected (undirected) graph G, the minimum rank of G = (V (G),E(G)) is defined to be
the smallest possible rank over all hermitian matrices A whose (i, j)th entry is non-zero if and only if i /= j
and {i, j} is an edge in G ({i, j} ∈ E(G)). For each vertex x in G (x ∈ V (G)), N(x) is the set of all neighbors
of x. Let R be the equivalence relation on V (G) such that
∀x,y∈V (G) xRy ⇔ N(x) = N(y).
Our aim is find classes of connected graphs G = (V (G),E(G)), such that the minimum rank of G is equal
to the number of equivalence classes for the relation R on V (G).
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let G = (V (G),E(G)) be an undirected connected graph on n vertices [8]. We say that a
matrix A = [aij ] is associated with G if for i /= j (i, j ∈ {1, . . . , n}), aij = 0 if, and only if,
{xi, xj } /∈ E(G). The set of all hermitian matrices associated with G is
H(G) = {A = [aij ] hermitian : for i /= j, aij /= 0 if, and only if, {xi, xj } ∈ E(G)}.
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The set of all real symmetric matrices associated with G is
S(G) = {A = [aij ] real symmetric : for i /= j, aij /= 0 if, and only if, {xi, xj } ∈ E(G)}.
We use the following notation in connection with the graph G:
M(G) = the maximum multiplicity occurring for an eigenvalue of an A ∈H(G);
P(G) = the minimum number of vertex disjoint paths, occurring as induced subgraphs of
G that cover all the vertices of G;
hmr(G) = the minimum rank of G, i.e.,
hmr(G) = min{rank(A) : A ∈H(G)}.
mr(G) = the real symmetric minimum rank of G, i.e.,
mr(G) = min{rank(A) : A ∈S(G)}.
SinceS(G) ⊂H(G), hmr(G)  mr(G).
Several authors have been interested on the multiplicity of the eigenvalues of the matrices
whose graph is a tree, e.g. [11,13,14].
Johnson and Leal Duarte [12] proved that, if T is a tree, we have
P(T ) = n − mr(T ) = M(T ).
They also observed that for a tree T , mr(T ) = hmr(T ).
More recently, other authors have been studying mr(G) when G is a graph different from a
tree, e.g. [1–7,9,10]. In particular when G is an unicyclic graph, the problem was solved in [3].
Let x ∈ V (G). We denote by N(x) the set of all neighbors of x in G, i.e., N(x) = {z ∈ V (G) :
{x, z} ∈ E(G)}. Consider the equivalence relation R on V (G) such that
∀x,y∈V (G) xRy ⇔ N(x) = N(y).
We obtain the result
hmr(G)  mr(G)  |V (G)/R|, (1)
where |V (G)/R| is the number of equivalence classes for the relation R.
Let X1, . . . , Xp be the equivalence classes for the relation R. In Section 2 we define the
equivalence class graph G = (V (G), E(G)) of G where V (G) = {X1, . . . , Xp} and {Xi,Xj } ∈
E(G) if, and only if, there exist x ∈ Xi and y ∈ Xj such that {x, y} is an edge in G. In Section 3
we study the previous inequality for all graphs whose equivalence class graph is a path.
2. The equivalence relation R
All graphs discussed in this paper are simple, connected and undirected.
Let G = (V (G),E(G)) be a graph on n vertices. In this section, we first establish some
properties of the relation R on V (G). Next we construct the equivalence class graph of G.
Proposition 2.1. Let G = (V (G),E(G)) be a graph, then
hmr(G)  mr(G)  |V (G)/R|.
Proof. LetX1, X2, . . . , Xp be the equivalence classes for the relationR. For the sake of simplicity,
consider an ordering of the elements of V (G) such that each equivalence class of R is a set of
consecutive elements in that ordering; for instance first we consider the vertices of X1, then
the vertices of X2, and so on until we reach the vertices of the last class Xp. Let A be the
R. Fernandes, C. Perdigão / Linear Algebra and its Applications 427 (2007) 161–170 163
adjacency matrix of G, when we fix this ordering. It is easy to see that A ∈S(G). Since the
submatrices of A corresponding to the rows
∑i
l=0 |Xl | + 1, . . . ,
∑i+1
l=0 |Xl |, for i = 0, . . . , p −
1, where |X0| = 0, are matrices of rank one, then rank(A)  p = |V (G)/R|. Thus hmr(G) 
mr(G)  |V (G)/R|. 
Definition 2.2. The vertex independence number of G, α(G), is the maximum cardinality
among the independent sets of vertices of G (an independent set of vertices of G is a subset of
V (G) where no two of its elements are adjacent).
Proposition 2.3. Let G = (V (G),E(G)) be a graph. If X is an equivalence class for the relation
R on V (G), then the subgraph of G induced by the vertices of X is isomorphic to N|X|, the null
graph with |X| vertices, i.e., X is an independent set of vertices.
Proof. Let H be the subgraph of G induced by the vertices of X. Suppose that there are two
vertices x, y ∈ X such that {x, y} is an edge of H . Then y ∈ N(x) and x ∈ N(y). Since G is a
graph without loops we have x ∈ N(x) and y ∈ N(y). Thus N(x) /= N(y). But this is impossible
because x, y ∈ X and N(x) = N(y). So, for all vertices x, y ∈ X, we have {x, y} is not an edge
of H , i.e., H ∼=N|X|. 
Using the last proposition we obtain:
Corollary 2.4. Let G = (V (G),E(G)) be a graph and α(G) be the vertex independence number
of G. If X is an equivalence class for the relation R on V (G) we have
|X|  α(G).
Let G = (V (G),E(G)) be a graph and X1, . . . , Xp be the equivalence classes for the relation
R on V (G). We define the equivalence class graph of G as the graph G = (V (G), E(G))
where V (G) = {X1, . . . , Xp} and {Xi,Xj } ∈ E(G) if, and only if, there exist x ∈ Xi and y ∈ Xj
such that {x, y} is an edge in G.
The set, Ĥ(G), is the set of all hermitian matrices B = [bij ] that satisfy:
For i /= j , bij /= 0, if, and only if, {Xi,Xj } ∈ E(G), i, j = 1, . . . , n and bii = 0 whenever
|Xi | > 1, i = 1, . . . , n.
Similarly, Ŝ(G), is the set of all real symmetric matrices B = [bij ] that satisfy:
For i /= j , bij /= 0, if, and only if, {Xi,Xj } ∈ E(G), i, j = 1, . . . , n and bii = 0 whenever
|Xi | > 1, i = 1, . . . , n.
Remark that those sets are different from H(G) and S(G), respectively, since the diagonal
entries of the matrices in Ĥ(G) and Ŝ(G) are prescribed 0 whenever |Xi | > 1.
Let ĥmr(G) (respectively, m̂r(G)) be the minimum rank of A when A runs over Ĥ(G) (re-
spectively, Ŝ(G)). Since |V (G)/R| = |V (G)| and Ŝ(G) ⊂ Ĥ(G), we get ĥmr(G)  m̂r(G) 
|V (G)/R|.
Now we can establish a relation between the rank of the matrices ofH(G) and of the matrices
of Ĥ(G).
Proposition 2.5. Let G = (V (G),E(G)) be a graph and G the equivalence class graph of G.
The following hold:
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1. hmr(G)  ĥmr(G).
2. mr(G)  m̂r(G).
3. If hmr(G) = |V (G)/R|, then ĥmr(G) = |V (G)/R| and all B ∈ Ĥ(G) are non-singular.
Proof. LetX1, . . . , Xp be the equivalence classes ofR. Suppose that ĥmr(G) = k. LetC ∈ Ĥ(G)
such that rank(C) = k. For the sake of simplicity, consider an ordering of the elements of V (G)
such that each equivalence class of R is a set of consecutive elements in that ordering; for instance
first we consider the vertices of X1, then the vertices of X2 and so on until we reach the vertices
of the last class Xp. Let A = [aij ] be the n × n-matrix, where aij = crl whenever xi ∈ Xr and
xj ∈ Xl .
Remark that if |Xr | > 1 then crr = 0 and, for all vertices in this class, the corresponding block
in A is null. On the other hand, if {xi, xj } ∈ E(G) then, there are classes of vertices Xr and Xl
with r /= l, such that xi ∈ Xr and xj ∈ Xl . Thus crl /= 0 and also aij /= 0. Therefore A ∈H(G).
It is now easy to see that the rows of A corresponding to vertices in the same equivalence
class are equal. Consequently, rank(A)  rank(C) = k but since k = ĥmr(G) we get hmr(G) 
ĥmr(G). A similar argument shows that mr(G)  m̂r(G).
We have remarked that ĥmr(G)  |V (G)/R|, so if hmr(G) = |V (G)/R| we can conclude that
hmr(G) = ĥmr(G) then
ĥmr(G) = |V (G)/R|.
Since |G| = |V (G)/R|, all B ∈ Ĥ(G) are non-singular. 
Example 2.6. Let be G = K3,3,3. We have that mr(G) = 3 (cf. [5]). It is easy to see thatG = C3.
A matrix B ∈ Ĥ(G) associated with G is of the form
B =
⎡
⎣0 a ba¯ 0 c
b¯ c¯ 0
⎤
⎦ .
Since the determinant of B is abc + abc, if, for example, a, b and c are pure imaginary we can
conclude that determinant ofB is zero. Thus, for Proposition 2.5 and for the previously observation
hmr(G) = ĥmr(G) = 2 < mr(G).
3. Equivalence class graph
In this section we are going to search for graphs G = (V (G),E(G)) such that
hmr(G) = |V (G)/R|.
Using Proposition 2.5 we know that if G = (V (G), E(G)) is the equivalence class graph of G
and there exists B ∈ Ĥ(G) singular, then hmr(G) < |V (G)/R|.
The main result of this section is Theorem 3.6 where we describe all the graphs G satisfying
the condition
hmr(G) = |V (G)/R|,
and whose equivalence class graph is a path.
For this we have to define
Definition 3.1. Let G = (V (G),E(G)) be a graph and x ∈ V (G). A pendent path incident with
x is a path v1, v2, . . . , vk of G which first vertex v1 is adjacent to x, (x does not belong to this
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path), all the path vertices, except the last one, vk , are vertices of degree two in G and the last one
is a vertex of degree one in G.
Remark. Recall that the order of a graph is the number of vertices of the graph.
Proposition 3.2. Let G = (V (G), E(G)) be a graph such that all B ∈ Ĥ(G) are invertible, and
let x ∈ V (G) be a vertex such that dG(x)  2. Then, there exists, at most, one pendent path
incident with x of odd order.
Proof. Suppose that there are two pendent paths incident with x of odd order which are y − z
and w − t . Let B be the adjacency matrix of G. Then, B ∈ Ĥ(G). The principal submatrix B ′
of B whose rows and columns correspond to the vertex x, the vertices of the pendent path y − z
and the vertices of the pendent path w − t is the matrix
B ′ =
x
y
...
z
w
...
t
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 0 · · · 0 0 1 0 · · · 0 0
1 0 1 · · · 0 0 0 0 · · · 0 0
0 1 0 · · · 0 0 0 0 · · · 0 0
...
...
...
.
.
.
...
...
...
...
.
.
.
...
...
0 0 0 · · · 0 1 0 0 · · · 0 0
0 0 0 · · · 1 0 0 0 · · · 0 0
1 0 0 · · · 0 0 0 1 · · · 0 0
0 0 0 · · · 0 0 1 0 · · · 0 0
...
...
...
.
.
.
...
...
...
...
.
.
.
...
...
0 0 0 · · · 0 0 0 0 · · · 0 1
0 0 0 · · · 0 0 0 0 · · · 1 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
If r + 1 is the order of the pendent path y − z, p + 1 is the order of the pendent path w − t
and Ri denote the i-row of B ′, then B ′ is a matrix with r + 1 + p + 1 + 1 = r + p + 3 rows.
We can see easily that
r+2
2∑
k=1
(−1)k+1R2k +
p+2
2∑
l=1
(−1)lRr+1+2l = 0. (2)
Furthermore, Eq. (2) gives a relationship among the rows of B ′ corresponding to the vertices
y − z, w − t . Since (in B) the additional entries in these rows are all 0, Eq. (2) remains valid for
the corresponding rows of the entire matrix B. Hence B is singular, contradicting our hypothesis.
Thus, G has, at most, one pendent path of odd order. 
The following result is an immediate consequence of the previous proposition:
Corollary 3.3. If G is a path and all B ∈ Ĥ(G) are non-singular, then G has even order.
Now, we can ask: ªDo all graphs G = (V (G),E(G)) such that the equivalence class graph G
of G is an even order path satisfy
hmr(G) = |V (G)/R|?º
The answer is no.
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Example 3.4. The graph G∼=K2 is a graph such that G∼=G∼=K2. Therefore G is a path of even
order, however
A =
[
1 1
1 1
]
∈H(G)
and rank(A) = 1 < 2 = |V (G)/R|.
Lemma 3.5. Let G be a graph such that G is a path of order p. Then
p − 1  hmr(G)  mr(G)  p.
Proof. Let C ∈H(G) be a matrix such that rank(C) = hmr(G). Let Xi = {xi1, . . . , xiri }, i =
1, . . . , p be the equivalence classes for the relation R. Assume, without loss of generality, the
order x11, . . . , x1r1 , x21, . . . , x2r2 , . . . , xp1, . . . , xprp on the set of vertices of G. The principal
submatrixC2 that corresponds to the rows 1, r1 + 1, r1 + r2 + 1, r1 + r2 + r3 + 1, . . . , r1 + r2 +
r3 + · · · + rp + 1 of C is
C2 =
⎡
⎢⎢⎢⎢⎢⎣
b1 a1 0 0 · · · 0 0
c2 b2 a2 0 · · · 0 0
0 c3 b3 a3 · · · 0 0
...
...
...
...
.
.
.
...
...
0 0 0 0 · · · cp bp
⎤
⎥⎥⎥⎥⎥⎦
where ci /= 0, i = 2, . . . , p.
Easily, we can see that the rows 2, . . . , p of C2 are linearly independent. So rank(C2)  p − 1.
Consequently, rank(C)  p − 1.
The latter inequality is a consequence of Proposition 2.1. 
Theorem 3.6. Let G = (V (G),E(G)) be a graph such that the equivalence class graph G is the
path X1, . . . , Xp. Then,
hmr(G) = mr(G) = |V (G)/R| = p,
if, and only if, p is even and there do not exist i, j with 1  i < j  p such that i is odd,
j is even, and |Xi | = |Xj | = 1. When this is not the case
hmr(G) = mr(G) = p − 1.
Proof. Necessity: Suppose that there exist two vertices Xi and Xj in V (G) such that |Xi | =
|Xj | = 1, i < j , i is odd and j is even.
Consider the matrix
B =
X1
...
Xi
...
Xj
...
Xp
⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 1 . . . 0 0 0 . . . 0 0 0 . . . 0 0
1 0 . . . 0 0 0 . . . 0 0 0 . . . 0 0
...
...
.
.
.
...
...
...
.
.
.
...
...
...
.
.
.
...
...
0 0 . . . 0 1 0 . . . 0 0 0 . . . 0 0
0 0 . . . 1 1 1 . . . 0 0 0 . . . 0 0
0 0 . . . 0 1 0 . . . 0 0 0 . . . 0 0
...
...
.
.
.
...
...
...
.
.
.
...
...
...
.
.
.
...
...
0 0 . . . 0 0 0 . . . 0 1 0 . . . 0 0
0 0 . . . 0 0 0 . . . 1 1 1 . . . 0 0
0 0 . . . 0 0 0 . . . 0 1 0 . . . 0 0
...
...
.
.
.
...
...
...
.
.
.
...
...
...
.
.
.
...
...
0 0 . . . 0 0 0 . . . 0 0 0 . . . 0 1
0 0 . . . 0 0 0 . . . 0 0 0 . . . 1 0
⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Then B ∈ Ŝ(G). Let Rl be the l-row of B. Then
R1 =
i−1
2∑
k=1
(−1)k+1R2k+1 +
j−i−1
2∑
u=1
(−1)u+ i+12 (Ri+2u−1 + Ri+2u) +
p−j+2
2∑
t=1
(−1)t+ j2 R2k+j−2.
SoB is not invertible and by Proposition 2.5 we have mr(G) < |V (G)/R| = p, which is impossible.
Consequently, there do not exist two distinct vertices of G, Xi and Xj such that i < j and |Xi | =
|Xj | = 1, i is odd and j is even.
Sufficiency: Suppose that there is a graph G = (V (G),E(G)) such that G = (V (G), E(G)) is a
path of even order X1, . . . , Xp where do not exist two vertices Xi and Xj in G with i < j and
|Xi | = |Xj | = 1, i is odd and j is even but hmr(G) < |V (G)/R| = p. Let C ∈H(G) such that
rank(C) = hmr(G) < p. Using Lemma 3.5, rank(C)  p − 1. But by hypothesis, rank(C) < p, then
rank(C) = p − 1. Let Xi = {xi1, . . . , xiri }, i = 1, . . . , p. Assume, without loss of generality, the
order x11, . . . , x1r1 , x21, . . . , x2r2 , . . . , xp1, . . . , xprp on the set of vertices of G. The submatrix C2 that
corresponds to the rows 1, r1 + 1, r1 + r2 + 1, r1 + r2 + r3 + 1, . . . , r1 + r2 + r3 + · · · + rp + 1 of
C is
C2 =
⎡
⎢⎢⎢⎢⎢⎣
b1 a1 0 0 · · · 0 0
c2 b2 a2 0 · · · 0 0
0 c3 b3 a3 · · · 0 0
...
...
...
...
.
.
.
...
...
0 0 0 0 · · · cp bp
⎤
⎥⎥⎥⎥⎥⎦
where
bi = [di0 · · · 0] ∈M1×ri , di ∈ C, i = 1, . . . , p,
ai = [ai1 · · · airi+1 ] ∈M1×ri+1 , aij ∈ C \ {0}, i = 1, . . . , p − 1,
ci = [ci1 · · · ciri−1 ] ∈M1×ri−1 , cij ∈ C \ {0}, i = 2, . . . , p.
So, rank(C2) = p − 1, i.e., if Rl is the l-row of C2 then there exist α1, . . . , αp ∈ C, not all zeros,
such that
R1 = α2R2 + · · · + αpRp.
Now we have to consider several cases
Case 1. |X1| = r1 = 1.
If rp = 1, for i = 1 and j = p, i is odd and j is even, then we have a contradiction. So, |Xp| =
rp > 1. For the same reason, all classes of even indices satisfy |X2| > 1, . . . , |Xp−2| > 1.
If we have dp /= 0, as we have ap−1,rp /= 0, and if we look to the elements that are immediately above
of the principal diagonal elements of C2, we can conclude that rank(C2) = p, which is impossible. So
dp = 0 and bp = 0 ∈M1×rp .
Since R1 = α2R2 + · · · + αpRp , ap−1 /= 0 and bp = 0 then p > 2, αp−1 = 0,
R1 = α2R2 + · · · + αp−2Rp−2 + αpRp
and αp−2ap−2 + αpcp = 0.
If we consider
C3 =
⎡
⎢⎢⎢⎢⎢⎣
b1 a1 0 0 · · · 0 0
c2 b2 a2 0 · · · 0 0
0 c3 b3 a3 · · · 0 0
...
...
...
...
.
.
.
...
...
0 0 0 0 · · · cp−2 bp−2
⎤
⎥⎥⎥⎥⎥⎦
and R′l denotes the l-row of C3, we will have
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R′1 = α2R′2 + · · · + αp−2R′p−2.
For the reason that we have previously mentioned dp−2 = 0 and also bp−2 = 0. Therefore, p > 4
and αp−3 = 0.
In the same way we will conclude that b2 = 0, b4 = 0, . . . bp−2 = 0, bp = 0 and α3 = · · · =
αp−1 = 0. So
R1 = α2R2 + α4R4 + · · · + αpRp
which is impossible.
Case 2. |X1| = r1 > 1
In this case, d1 = 0, (if it is not then the equality R1 = α2R2 + · · · + αpRp will be impossible). So
b1 = 0 and α2 = 0. Consequently, p > 2 and a1 = α3c3. If we consider
C4 =
⎡
⎢⎢⎢⎣
b3 a3 0 0 · · · 0 0
c4 b4 a4 0 · · · 0 0
...
...
...
...
.
.
.
...
...
0 0 0 0 · · · cp bp
⎤
⎥⎥⎥⎦
and R′l denotes the l-row of C4, we will have
R′1 = α4R′2 + · · · + αpR′p−2.
If |X3| = r3 = 1 (pay attention that for i = 3 and j = p, i is odd, j is even) and if we think as
before (case 1) we get a contradiction. So, |X3| = r3 > 1 and using a similar argument (case 2), we
conclude that b3 = 0 and α4 = 0. Repeating this process we obtain a contradiction. Therefore,
hmr(G)  p.
Then, since the adjacency matrix of G is a matrix of rank p, we get
hmr(G) = p = |V (G)/R|.
When p is even and there exist two vertices Xi and Xj in V (G) such that |Xi | = |Xj | = 1, i < j ,
i is odd and j is even or when p is odd, we know by the previous result that hmr(G) < p. However,
Lemma 3.5 guarantees that if G is a path of order p then hmr(G)  p − 1. Therefore hmr(G) =
p − 1. 
Example 3.7. Let G = (V (G),E(G)) be the graph
The equivalence classes for the relation R on V (G), vertices in G, are X1 = {x1, x2, x3},
X2 = {x4, x5}, X3 = {x6, x7}, X4 = {x8, x9}, X5 = {x10, x11} and X6 = {x12, x13}.
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There are not any classes with cardinality one, so G satisfies the hypothesis of Theorem 3.6;
thus hmr(G) = mr(G) = 6.
Example 3.8. Let G = (V (G),E(G)) be the graph
The equivalence classes for the relation R on V (G), vertices inG, are X1 = {x1, x2, x3}, X2 =
{x4}, X3 = {x5, x6}, X4 = {x7, x8, x9}, X5 = {x10, x11, x12}, X6 = {x13, x14, x15}, X7 = {x16}
and X8 = {x17, x18}.
We have |X2| = |X7| = 1. There are no another classes with cardinality one, so G satisfies the
hypothesis of Theorem 3.6; thus hmr(G) = mr(G) = 8.
Example 3.9. If G = (V (G),E(G)) is the graph
As we can see, G is an odd order path whose vertices are X1 = {x1}, X2 = {x2, x3}, X3 =
{x4, x5}, X4 = {x6, x7}, X5 = {x8, x9} so by Theorem 3.6 hmr(G) = 5 − 1 = 4.
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